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Abstract
In order to avoid interference in cellular telephone networks, sets of radio frequencies are to be
assigned to transmitters such that adjacent transmitters are allotted disjoint sets of frequencies. Often
these transmitters are laid out like vertices of a triangular lattice in a plane. This problem corresponds
to the problem of multicoloring an induced subgraph of a triangular lattice with integer demands
associated with each vertex. We deal with the simpler case of triangle-free subgraphs of the lattice.
[Frédéric Havet, Discrete Math. 233 (2001) 1–3] uses inductive arguments to prove that triangle-free
hexagonal graphs can be colored with 76d + o(1) colors where d is the maximum demand on
a clique in the graph. We give a simpler proof and hope that our techniques can be used to prove
the conjecture by [McDiarmid and Reed, Networks Suppl. 36 (2000) 114–117] that these graphs are
9
8d + o(1)-multicolorable.
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1. Introduction
The vertices of a triangular lattice, denoted by L, may be described as follows [3]. The
position of each vertex is an integer linear combination x p+y q of the two vectors p=(1, 0)
and q =
(
1
2 ,
√
3
2
)
. Thus, the vertices of the grid may be identiﬁed with the pairs (x, y) of
integers. Two vertices are adjacent when the Euclidean distance between them is one. Thus
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a vertex (x, y) has six neighbors (x+1, y), (x−1, y), (x, y+1), (x, y−1), (x+1, y−1)
and (x−1, y+1). We refer to these directions as right, left, up-right, down-left, down-right
and up-left respectively.
We deﬁne a hexagonal graphG(V,E) as an induced subgraph of a triangular lattice. Each
vertex v is assigned a positive integer d(v), called the demand of the vertex. Amulticoloring
of this graph is a function f which assigns a set of colors f (v) to each vertex v such that a
vertex v is assigned d(v) colors, i.e., |f (v)| = d(v); and adjacent vertices get disjoint sets
of colors.
We denote by d the multichromatic number of the graph G and the weighted clique
number d is deﬁned as the maximal sum of the demand of a clique of G. It is known that
d 4d+13 (see [5]). Better bounds are known for triangle-free hexagonal graphs. Ref. [2]
gives a distributed algorithm with competitive ratio 54 , while [1] gives an inductive proof
that a triangle-free hexagonal graph with equal demands on vertices can be colored with
7(d+4)
6 colors. We give a simpler proof of the
7
6d + o(1)-coloring of these graphs. We
hope that techniques from this paper can be used to prove the conjecture by McDiarmid
and Reed [3] that triangle-free hexagonal graphs are 98d + o(1)-multicolorable.
Theorem 1. In a triangle-free hexagonal graph G, d 76d+c,where c is a non-negative
constant.
2. Proof
A triangular lattice with unit demands on vertices can be three-colored such that the color
of a vertex depends only on its co-ordinates. In one such coloring, a vertex with co-ordinates
(x, y) gets the color x + 2y mod 3. We call this the base color of the vertex.
In a graph G(V,E), we call an assignment f : V → {1, . . . , k} good if for every odd
cycle in G and for every 1 ik, there is a vertex v ∈ V in the cycle such that f (v) = i.
The graph is called k-good if such an assignment is possible.
Lemma 2. If every triangle-free hexagonal graph is k-good then there exists a 2k-coloring
of any hexagonal graph so that each vertex gets k − 1 colors.
Proof. Find a k-good assignment f : V → {1, . . . , k} for the graph G. For 1 ik, we
know that every odd cycle in G has at least one vertex assigned i. Thus the graph resulting
from the removal of vertices assigned i from G can be two-colored. Repeating this for
i = 1, . . . , k, we get a 2k-coloring of G. Every vertex get k − 1 colors each. 
Lemma 3. Any triangle-free hexagonal graph G is 7-good.
Proof. We deﬁne a corner vertex in a triangle-free hexagonal graph as a vertex which does
not have two neighbors at an angle  with the vertex.
Claim 1. Consider the 3-coloring of the triangular lattice. Every odd cycle of G contains
at least one non-corner vertex of every color.
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Proof. Assume w.l.o.g that there is an odd cycle in the graph which does not have a non-
corner vertex colored 2.We show that such a cycle can be two-colored for a contradiction. To
do this, we show that corners colored 2 can be recolored either 0 or 1 such that the coloring
remains proper. In the 3-coloring of the triangular lattice, a corner has both its neighbors
colored the same (they are at an angle 23 since the graph is triangle-free). Hence if both the
neighbors of a corner colored 2 are of color 0, re-color the corner 1 and vice-versa. This
gives a valid 2-coloring of the odd cycle which is a contradiction. 
Claim 2. The set of corners of G can be partitioned into four sets such that each cycle has
at least one corner from each set.
Proof. We ﬁrst classify the corner vertices as left and right corners. A corner vertex is left
if it has an up-right or a down-right neighbor, right otherwise. Note that two successive
corners in any cycle (i.e., two corners which do not have any other corner vertex in one of
the paths between them along the cycle) cannot be both left (right).
Construct a graphG′ as follows. The vertex set is the set of left corners inG. Add an edge
between vertices u and v if and only if there is a chordless cycle C in G in which u and v
appear as two successive corner vertices (in up-left and down-left directions respectively) of
the same right-most cornerw of C. The construction takes O(n) time (identifying chordless
cycles in a plane graph). In G′, a vertex is adjacent to at most one vertex below and one
above, which makes G′ a disjoint union of paths and hence two-colorable in linear time.
Let C be any cycle in G, not necessarily chordless. Since G is triangle-free, C shares
its rightmost corner and its two successive corners with some chordless cycle in G. The
construction of G′ makes sure that these two successive corners get different colors in any
proper two-coloring of vertices ofG′, and such a two-coloring thus partitions the left corners
into two sets such that every cycle has at least one corner from each set. Similarly the right
corners can also be partitioned into two sets, thus proving the claim. 
Proof of Lemma 3 (Conclusion). These four sets of corner vertices, along with the non-
corner vertices partitioned into three sets depending on their base color in the triangle grid,
gives a good 7-assignment of the vertex set. This completes the proof of the lemma. 
The two lemmas together imply that a triangle-free hexagonal graph with demands upto
14 each on isolated vertices and 6 each on other vertices can be colored with 14 colors. In
order to prove the theorem, it remains to be shown that a triangle-free hexagonal graph G
with arbitrary demands on vertices can be multi-colored with 76d(G)+ c colors, where c
is a non-negative constant. This can be proved by induction on demands on the vertices.
Suppose ﬁrst that if d(G)12 and every vertex v has demand d(v) that is a multiple
of 6. Then applying Lemma 2 for k = 7 we get that d(G) 76d(G).
Suppose now that d is the demand function in full generality. Let d ′ be such that d ′(v)
is the smallest multiple of 6 at least d(v). Then d ′(v)d(v)+ 5 so w′d(G)wd(G)+ 10.
But d(G)′d(G) 76′d(G) by the above argument. So d(G)
7(d (G)+10)
6 . 
The following conjecture seems tractable and along with the material in this paper would
result in a proof of the conjecture of McDiarmid and Reed.
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Conjecture 4. Triangle-free hexagonal graphs are 9-good.
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